We evaluate zeta-functions ζ(s) at s = 0 for invariant non-minimal 2nd-order vector and tensor operators defined on maximally symmetric even dimensional spaces. We decompose the operators into their irreducible parts and obtain their corresponding eigenvalues. Using these eigenvalues, we are able to explicitly calculate ζ(0) for the cases of Euclidean spaces and N -spheres. In the N -sphere case, we make use of the Euler-Maclaurin formula to develop asymptotic expansions for the required sums. The resulting ζ(0) values for dimensions 2 to 10 are given in the Appendix.
I. INTRODUCTION
The effective potential formalism has been used by Appelquist and Chodos [1] and many others (see [2] for a complete list) to consider the problem of spontaneous compactification in Kaluza-Klein(KK) theories. The hope was to explain the smallness of the extra dimensions by using quantum gravity effects. It was soon realized that the standard effective action produced results that were dependent on the choice of the quantum gauge fixing condition [3, 4] and that all conclusion about stability drawn from this standard effective action (sometimes called the naive effective action) were questionable. This problem was resolved [5, 6] by the use of a new effective action, first introduced by Vilkovisky [7] and DeWitt [8] . This new effective action, now known as the Vilkovisky-DeWitt(VD) effective action, has the merit of being gauge choice independent.
However, progress in compactification has never recuperated from the setback [9, 10] .
The primary reason is that even at the one-loop level the VD effective action involves determinants of operators with complicated non-local terms (in most gauges). In [11] , we considered the six dimensional case for a general background spacetime using the method of Barvinsky and Vilkovisky [12] to deal with the non-local terms. Due to the complexity of this calculation, it seems quite impossible to push this method to higher dimensions.
The situation can be improved if one chooses the Landau-DeWitt gauge. Since the VD effective action is independent of gauge choice, one can of course choose whatever gauge is convenient to work with, without altering the final result. In the Landau-DeWitt gauge the non-local terms are identically zero [13] . Although the operators simplify tremendously, they remain non-minimal (see [12] and [14] ), that is, they involve 2nd-order covariant derivative terms other than just the Laplacian. More explicitly, one has to deal with vector operators of the form, To date progress in evaluating determinants of such operators for dimensions beyond six has only been made for KK backgrounds of the form R n × T d−n (with R n usually taken to be flat) and consequently progress with KK compactification beyond these simple backgrounds has halted [15] . More interesting backgrounds like S d or R 4 × S d−4 have, so far, resisted all efforts [16] . In this paper we make progress in evaluating determinants of such non-minimal operators on non-flat backgrounds of the form S d .
Using ζ-function regularization the one-loop quantum contribution to the effective action can be expressed in terms of the ζ-function for the appropriate operator as
where µ is the renormalization scale. As a first step towards obtaining the VD effective action, we shall in this paper concentrate on the evaluation of the zeta-function ζ(s) at s = 0 for the non-minimal vector and tensor operators in even dimensions. Of course, these considerations will also be useful in the usual effective action formalism when one chooses to work with gauges other than the Feynman gauge where the operators are minimal.
In the next section, we obtain eigenvalues for the vector operator M V and the tensor operator M T in maximally symmetric spaces, by decomposing the eigenfunctions for M V into transverse and longitudinal parts, and for M T into transverse-traceless (T T ), longitudinaltransverse-traceless (LT T ), longitudinal-longitudinal-traceless (LLT ) and trace (T R) parts [17] . In Section III, we explicitly evaluate ζ(0) in Euclidean space. Then in Section IV, we extend the results to N-spheres using the Euler-Maclaurin formula to develop asymptotic expansions for the relevant summations [18] . Finally, the conclusions are given in Section V. In the Appendix we summarize ζ(0) values for various cases.
II. EIGENVALUES IN MAXIMALLY SYMMETRIC SPACES
The ζ-function for an operator M is defined as
where λ's are the eigenvalues of the operator M. Therefore, to calculate ζ(s) for M V and M T , we must first obtain eigenvalues for these operators. Here we assume that our background spacetime is a maximally symmetric space in which the Riemann tensor, the Ricci tensor, and the scalar curvature are given by,
2)
3) 4) where N is the dimension of the space and κ is a constant.
A. Vector Case
We first consider the vector operator M V of (1.1). For M V to be invariant in maximally symmetric spaces, the function P α β must be proportional to δ α β , i.e.,
with P and a constants. The eigenfunctions V α of M V can be decomposed [17] into a transverse part T α ,
and a longitudinal part L α , which is the gradient of a scalar function S,
with
Acting with the operator
because of the transverse property of
To evaluate the commutator, we use the defining identity for the Riemann tensor,
which for maximally symmetric spaces simplifies to
The commutator in Eq. (2.10) becomes, 13) and thus,
Using Eqs. (2.9) and (2.14) one can obtain the eigenvalues of the vector operator M V when the corresponding eigenvalues for the Laplacian are known.
B. Tensor Case
Similar consideration can be applied to the invariant tensor operator M T . In maximally symmetric spaces, the functions P and g αβ g ρσ . One can thus write 15) with P and Q being constants. The tensor operator thus becomes,
The eigenfunctions H αβ of M T can be decomposed [17] into:
the T T part, T αβ , where
where 19) for some transverse vector T α with
for some scalar function L; and the T R part g αβ H µ µ /N. Therefore,
Acting with M T on T αβ and L T αβ , and with the help of the identity in Eq. (2.12), we
However, when acting on the LLT part and the T R part,
We see that the second term in Eq. (2.25) involves g αβ 2L/N, which is the trace part of
1 2 H µ µ , which belongs to the LLT part. Hence, the functions in the LLT part and the T R part are coupled together as long as the operator is non-minimal (unless a 2 = a 3 = −a 1 /N). To find the eigenfunctions and the corresponding eigenvalues one must take the appropriate linear combinations of the functions in these two parts. In the following sections we shall demonstrate explicitly how this can be done for Euclidean spaces and N-spheres.
III. ζ-FUNCTIONS ON EUCLIDEAN SPACES
In this section, we calculate the ζ-functions for the vector and tensor operators in Ndimensional Euclidean spaces. In this simple case where κ = 0, the eigenvalues for the Laplacian are just −k 2 , with the eigenfunctions Fourier transformed to momentum space.
A. Vector Case
For the vector operator, from Eqs. (2.9) and (2.14), there are (N − 1) eigenfunctions in the transverse part with eigenvalues,
and one eigenfunction in the longitudinal part with eigenvalue,
Thus the ζ-function is,
The sum over k is an integral because k is a continuous variable,
where V N is the volume of the N-dimensional space (N = even). Therefore,
For the tensor operator, there are 
and (N − 1) eigenfunctions in the LT T part with eigenvalues,
The ζ-functions corresponding to these two parts are,
The functions in the LLT and the T R parts are coupled together as shown in Section II. By diagonalizing the matrix of which the elements are given by the coefficients in Eqs. (2.25) and (2.26), we can see that the two eigenvalues λ 1 and λ 2 corresponding to these two parts satisfy the equations,
11)
where
)
14)
16)
Since λ 1 and λ 2 are not polynomials in k 2 , it is very difficult to do the k-integral to obtain the corresponding ζ-functions. In fact, we have
18)
However, we are interested in the ζ-function at s = 0, and this depends only on the small τ behavior in the integrand of the τ -integral like the one in Eq. (3.4). To extract the small τ behavior from the integral over k, we need only to concentrate on the part of large k. Hence, we can expand λ 1 and λ 2 as power series in 1/k 2 , and we shall see in the following that only the first few terms will contribute to ζ
we can evaluate the ζ-function for the LLT and the T R parts,
Note that the last step involves a rescaling
In this power series form, the integrations over k and τ can be performed. To be explicit, we consider the N = 2 case. The k-integral in Eq. (3.21) becomes,
We have left out the terms which, after the integration over τ , will vanish when the limit Using this result and Eq. (3.23), the sum of the ζ-functions for the LLT and the T R parts for N = 2 is
Finally the ζ-function for the tensor operator on a two-dimensional Euclidean space is,
where α e and A e are given in Eqs. (3.13) and (3.15) with N = 2.
One can extend this procedure to higher even-dimensions. However, the number of terms involved increases very quickly and the answers are too lengthy to be written down in any simple way. We choose to list results in the Appendix for only the special case in which a 1 = −2a 2 , a 3 = 0, and with dimensions up to ten. This case is of special interest because the tensor operator with these parametrization corresponds to the graviton operator in Einstein gravity with the covariant gauge fixing Lagragian,
Here h µν is the graviton field, and a 2 → ∞ gives the Landau-DeWitt gauge that we have mentioned in Section I.
IV. ζ-FUNCTIONS ON N-SPHERES
In this section we extend the considerations of the last section to N-spheres. We use the eigenvalues and the degeneracies for the Laplacian given in [17] . For spheres,
where r is the radius of the sphere.
A. Vector Case
From [17] , the eigenvalues and the degeneracies for the Laplacian of the transverse part of the vector operator are,
where l = 1, 2, 3, · · ·. For the longitudinal part, they are
where l = 1, 2, 3, · · ·. Putting these into Eqs. (2.9) and (2.14), we obtain the eigenvalues for the transverse part of the vector operator, 
with degeneracies D L l (N). The ζ-function is thus given by,
(4.9)
For example, for N = 2, we have
Since we just want to evaluate ζ-functions at s = 0, we can concern ourselves with the small τ behavior of the integrand above. It is sufficient to have an asymptotic expansion of the l-sum for small τ to evaluate Eq. (4.10). This can be achieved using the Euler-Maclaurin formula [18] ,
where B 2k are the Bernoulli numbers. Using this formula, the sum in ζ T 2 (s) can be expanded into,
When this asymptotic expansion is put back into Eq. (4.10), the terms with order τ or higher in the expansion will vanish as s → 0 (because Γ(s) ∼ 1/s). Therefore,
Hence,
We have extended this procedure up to N = 10, and the result is summarized in the Appendix.
B. Tensor Case
From [17] , the eigenvalues and degeneracies for the Laplacian of the T T part of the tensor operator are,
with l = 2, 3, · · ·. For the LT T part, they are 17) with l = 2, 3, · · ·. For the LLT part, they are 18) with l = 2, 3, · · ·. For the T R part, they are 19) with l = 0, 1, 2, · · ·. Thus, from Eqs. (2.23) and (2.24), the eigenvalues for the T T part of the tensor operator are, 
For the LLT and the T R parts, the situation is more complicated because the functions are coupled together. As in the Euclidean case, we can obtain the following relations for the eigenvalues from Eqs. (2.25) and (2.26),
where 
As s → 0, which is the limit we shall ultimately take,
For λ 1 and λ 2 , we have
37)
Since the eigenvalues are not polynomials in l, we cannot (as in the vector case) apply the Euler-Maclaurin formula directly to obtain the asymptotic series in τ . As was done in the Euclidean case, we first expand λ 1 and λ 2 as power series in 1/l, and then use the Euler-Maclaurin formula to evaluate the sums over l. Suppose that,
There is no l 2 term in this expansion because we have explicitly subtracted it out. The l term also vanishes as a result of the form of β and B in Eqs. (4.26) and (4.29). With this expansion we can evaluate the sum in Eq. (4.34),
This last step involves a scaling
In this form, one can now apply the Euler-Maclaurin formula to obtain an asymptotic series for small τ for the sum. To be explicit, we consider the N = 2 case, where the sum in Eq. (4.40) becomes,
Again we have left out the terms which, after the integration over τ , will vanish when the limit s → 0 is taken. Putting the expressions from Eq. 
Putting this result into Eq. (4.34), the ζ-function for the LLT and the T R parts for N = 2
Finally the ζ-function for the tensor operator on 2-sphere is, Then evaluate the eigenvalues for the various parts of each operator. Due to the fact that the tensor operator is non-minimal, the LLT and the T R parts are in fact coupled together and the eigenvalues for these two parts are complicated. However, we have shown that it is still possible to obtain ζ(0) by use of the appropriate series expansion for the eigenvalues.
Using this procedure we explicitly evaluated ζ(0) for Euclidean spaces and N-spheres for even dimensions up to ten, and summarized the results in the Appendix. Other techniques have been developed to successfully deal with flat backgrounds [14] ; however, our use of the Euler-Maclaurin formula [18] has allowed us to now deal with more interesting backgrounds.
Although the above procedure gets more tedious as one goes to higher dimensions, there is no conceptual difficulty in doing so. One can extend this method to dimensions higher than ten, to Kaluza-Klein spacetimes like M 4 × S N [14] , and to more general coset spaces for which eigenvalues of the corresponding Laplacians are known.
The method developed here is general enough to be useful in many circumstances when one-loop quantum effects are calculated in gauge theories with general gauge conditions.
What we have in mind in particular is the calculation of the VD effective potentials in Kaluza-Klein spaces. We are also interested in using the VD formalism to evaluate the gauge-independent trace anomaly for gravitons [19] . The explicit evaluation of this trace anomaly in different spacetimes will be possible by making use of the ζ-functions derived In this appendix we summarize the ζ-function values that we have obtained for the non-minimal vector operator,
and the non-minimal tensor operator,
Vector Case
For N-dimensional Euclidean spaces, the ζ-function values for M V in Eq. (A1) are,
where V N is the volume of the N-dimensional space.
While for N-spheres with radius r, where N = 2, 4, 6, 8, 10, we have, 
